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ON DIOPHANTINE DEFINABILITY AND DECIDABILITY
IN SOME INFINITE TOTALLY REAL EXTENSIONS OF Q

ALEXANDRA SHLAPENTOKH

ABSTRACT. Let M be a number field, and Wj; a set of its non-Archimedean
primes. Then let Oar,w,, = {z € M|ordix > 0, Vt € Wi} Let {p1,...,pr}
be a finite set of prime numbers. Let Fj,; be the field generated by all the

pg-th roots of unity as j — oo and i = 1,...,7. Let Kj;,; be the largest
totally real subfield of Fj, ;. Then for any € > 0, there exist a number field
M C Kiny, and a set W)y of non-Archimedean primes of M such that Wy,
has density greater than 1 — ¢, and Z has a Diophantine definition over the
integral closure of O w,, in K.

1. INTRODUCTION

The interest in the questions of Diophantine definability and decidability goes
back to a question which was posed by Hilbert: given an arbitrary polynomial
equation in several variables over Z, is there a uniform algorithm to determine
whether such an equation has solutions in Z7 This question, otherwise known as
Hilbert’s 10th problem, has been answered negatively in the work of M. Davis,
H. Putnam, J. Robinson and Yu. Matijasevich. (See [3] and [4].) Since the time
when this result was obtained, similar questions have been raised for other fields
and rings. In other words, let R be a recursive ring. Then, given an arbitrary
polynomial equation in several variables over R, is there a uniform algorithm to
determine whether such an equation has solutions in R?

Arguably the two most interesting and difficult problems in the area concern
R =Q and R equal to the ring of algebraic integers of an arbitrary number field.

One way to resolve the question of Diophantine decidability negatively over a
ring of characteristic 0 is to construct a Diophantine definition of Z over such a
ring. This notion is defined below.

1.1. Definition. Let R be aring and let A C R. Then we say that A has a Diophan-
tine definition over R if there exists a polynomial f(¢,z1,...,2,) € R[t,z1,...,Zy]
such that for any ¢ € R,

x1,...,xn €ER, f(t, 21, ...,xn) =0t € A.
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If the quotient field of R is not algebraically closed, we can allow a Diophantine
definition to consist of several polynomials without changing the nature of the
relationship. (See [4] for more details.)

The usefulness of Diophantine definitions stems from the following easy lemma.

1.2. Lemma. Let Ry C Ro be two recursive rings such that the quotient field of
Ry is not algebraically closed. Assume that Hilbert’s tenth problem (abbreviated as
“HTP”in the future) is undecidable over Ry, and Ry has a Diophantine definition
over Ry. Then HTP is undecidable over Rs.

One can also combine Diophantine definitions to obtain the following observa-
tion.

1.3. Combining Diophantine definitions. Suppose R3 C Ry C R; are integral
domains whose fraction fields are not algebraically closed. Assume further that R
has a Diophantine definition fi(¢,21,...,Zm,) over Ry and Rz has a Diophantine
definition fo(t, 91, ..., Ym,) over Rs. Then the following system of equations would
correspond to a Diophantine definition of Rz over R;:

f2(t5y17-- -7ym2) = 07
fl(t,xl,...,xml) = 0,
fl(yi,xiyl,...,:ci,ml) = O,i = 1,...,m2.

Diophantine definitions have been obtained for Z over the rings of algebraic inte-
gers of some number fields. Jan Denef has constructed a Diophantine definition of
Z for the finite degree totally real extensions of Q. Jan Denef and Leonard Lipshitz
extended Denef’s results to the totally complex extensions of degree 2 of the finite
degree totally real fields. Thanases Pheidas and the author have independently
constructed Diophantine definitions of Z for number fields with exactly one pair of
complex conjugate embeddings. Finally, Harold N. Shapiro and the author of this
paper showed that the subfields of all the fields mentioned above “inherited” the
Diophantine definitions of Z. (These subfields include all the abelian extensions.)
The proofs of the results listed above can be found in [5], [7], [6], [I5], [22], and [23].
The problem is still open for a general number field, but there are also some recent
results of Bjorn Poonen which depend on the existence of rank one elliptic curves
over QQ keeping their rank in number field extensions. See [18] for more details.

A similar approach can in theory be applied to Q. In other words, one could show
that HTP is undecidable over Q by showing that Z has a Diophantine definition
over Q. Unfortunately, one of the consequences of a series of conjectures by Barry
Magzur and Colliot-Thélene, Swinnerton-Dyer and Skorobogatov is that Z does not
have a Diophantine definition over Q, and thus one would have to look to some
other method for resolving HTP over Q. (Mazur’s conjectures can be found in [10],
[11], [12] and [13]. However, Colliot-Thélene, Swinnerton-Dyer and Skorobogatov
have found a counterexample to the strongest of the conjectures in the papers cited
above. Their modification of Mazur’s conjecture in view of the counterexample
can be found in [I].) Thanases Pheidas has recently proposed another approach
to the question of Diophantine decidability of Q. If this method proves to be
successful, it would imply that another conjecture of Mazur is false. (See [L16].) For
more connections between Mazur’s conjectures and the questions of Diophantine
definability and decidability over global fields, see [2] and [29].
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Given the difficulty of the Diophantine problem for Q (and number fields in
general), one might adopt a gradual approach, i.e., consider the following problem.

1.4. An intermediate problem for Q and number fields. Let W be a recursive
set of rational primes. Let

Ogw ={reQ|a=7,abeNVpgW,ptb}

Then we can ask whether HTP is decidable for Ogw or whether Z has a Diophan-
tine definition over Ogw. We can answer these questions for finite W. More
precisely, we know that for finite W, Z does have a Diophantine definition over
Og,w and therefore HTP is undecidable over Og w. (More generally, using some
ideas dating back to Julia Robinson, one can show that the set of algebraic num-
bers integral at a finite set of primes of a number field is Diophantine over this
number field. See [19], [20] and [24] for more details.) Unfortunately, we have been
unsuccessful in obtaining the analogous definability results for infinite W. How-
ever, Bjorn Poonen has recently constructed a Diophantine model of Z in a subring
of Q where the natural density of primes allowed in the denominator is 1. This
construction showed that the analog of Hilbert’s tenth problem is undecidable over
such rings. For more details, see [17].

We have been more successful in solving the definability problem in some exten-
sions of Q. Before we state these results, we need a definition.

1.5. Definition. Let M be a number field and let W be a set of its primes. Then
a ring

Omw ={z € M | ordyx > 0Vp & W}

is called a ring of W-integers . (The term W-integers usually presupposes that W
is finite, but we will use this term for infinite W also.) If W = (), then Oy w = Opn
— the ring of algebraic integers of M. If W contains all the primes of M, then
OM,W =M.

Below we state our best definability results as far as the Dirichlet density of the
prime sets allowed in the denominator is concerned.

1.6. Theorem. Let K be a totally real number field or a totally complex extension
of degree 2 of a totally real number field. Then for any € > 0, there exists a set W
of primes of K whose Dirichlet density is bigger than 1 — [K : Q™' — ¢ and such
that Z has a Diophantine definition over Ox w. (Thus, Hilbert’s tenth problem is
undecidable over O w.)

1.7. Theorem. Let K be as above and let € > 0 be given. Let Sg be the set of all
the rational primes splitting in K. (If the extension is Galois but not cyclic, Sg
contains all the rational primes.) Then there exists a set of K-primes W such that
the set of rational primes Wy below W differs from Sg by a set contained in a set
of Dirichlet density less than € and such that Z has a Diophantine definition over
Ox,w. (Again this will imply that Hilbert’s tenth problem is undecidable in O, w .)

The proofs of these theorems can be found in [25], [28] and [26].
In this paper we consider the integral closures of the rings of W-integers in some
totally real infinite extensions of rational numbers. In general, much less is known
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about the existential definability and decidability in the infinite extensions of Q
than in the finite extensions. Due to results of Rumely and others, we know that
HTP is decidable in the ring of all algebraic integers and some other “sufficiently
large” rings. (See [21], [§], [9] for more details.) On the other hand, in [27], the
author proved the following theorem.

1.8. Theorem. Let K;,¢ be a totally real infinite extension of Q with a finite degree
subextension K containing primes p1,...,ps with the following property. If M is
a number field such that K C M C Ky, then p1,...,ps remain prime in the
extension M/K. Let S = {p1,...,ps}. Then Z has a Diophantine definition in the
integral closure of Ok g in Kiny. (See Theorem 4.3 of [21].)

In this paper we extend Theorem and Theorem [[.8]in the following fashion.

1.9. Theorem. Let K,y be a totally real field of algebraic numbers, possibly of
infinite degree over Q. Assume that for some finite degree subfield K of Kiny the
following conditions are satisfied.

(1) King/K is a normal extension.

(2) There exists a prime p such that p remains prime in the extension M/K,
where M is any number field with K C M C K;yy.

(3) Only finitely many primes of K ramify in the extension Kz/K.

(4) There exists a natural number A such that for every number field M with
K C M C Kiny there exists a non-trivial subfield M of M containing K
and satisfying the following conditions.

(a) [M: M]<A.
(b) For some basis Qpr 5y of M over M, with {1} C Qpr/nr C O, for all
w € Qa7 and every o-embedding of M into C, we have [o(w)| < A.

(5) There exists a number field E, a totally real cyclic extension of Q of degree
p such that, for any subfield M of Kiny, p is prime to [M : Q], p splits
completely in the extension KE/K, and for some yg € Og generating E
over Q, p does not divide the coefficients of the monic irreducible polynomial
of vg over Q.

Let Wi be a union of a set of primes of K not splitting in the extension KE /K
and not dividing the discriminant or the coefficients of the monic irreducible poly-
nomial of vg over Q, and {p}. Then Ok wy has a Diophantine definition in its
integral closure in Kiny.

1.10. Corollary. Let Kins be a field satisfying conditions 1 — 4 of Theorem [1.9
with respect to any number field K C Kiny, and also the following conditions.

(1) There are infinitely many rational primes p such that for any number field
M C Kiny we have [M : Q] 220 mod p.
(2) Any rational prime has only finitely many distinct factors in K, y.

Then for any € > 0, there exist a number field M C K5 and a set Wys of non-
Archimedean primes of M such that Wy has density greater than 1 —e, and Z has
a Diophantine definition over the integral closure of Onrw,, in King.

Finally, we will show that for totally real subfields of some infinite cyclotomic
extensions of Q, the conditions of Corollary [Tl are satisfied.
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2. NOTATION AND ASSUMPTIONS

In this section we describe notation and assumptions to be used in the rest of
the paper.

K will denote a totally real number field of degree nx over Q.
Kins will denote an infinite totally real extension of Q with K C K, and
Kin¢/K normal.

e M will range over number fields such that K C M C Kyy,y.
o Wiy will denote a set of non-Archimedean primes or valuations of K con-

taining a prime p of K.

o W), will denote the set of all the primes of M above the primes of Wi.
e There exists a natural number A such that for every number field M #

K there exists a non-trivial subfield M containing K and satisfying the

following conditions.

(1) [M:M]< A

(2) For some basis Qs of M over M such that {1} C Qy; 5y C O, for
all w € Q7,5 and every o-embedding of M into C, we have

lo(w)| < A.

D will denote a natural number not divisible by any prime from Wx and
such that for any pair of fields (M, M) as described above, D is greater than
the absolute value of any conjugate of the discriminant D,/ y; of €2,/ y7 over
Q.

For any field M, p has only one factor in M. P > 2 will denote the rational
prime below p and e = e(p/P) will denote the ramification degree of p over
P.

Let

KCMCK;nf

Ok s Wi,,, Will denote the integral closure of O w) in Kiny.

L will denote a totally complex extension of degree 2 of Q such that LK,
contains no complex roots of unity.

E will denote a totally real cyclic extension of QQ of degree p such that for all
fields M we have ([M : Q],p) = 1, and the field LEK;,s does not contain
any complex roots of unity.

Let vg € Op,v1, € O, be generators of E and L over Q, respectively.

Let Fg(T) be the monic irreducible polynomial of vg over Q.

Let hi gy, denote the class number of KEL.

Let lop = 0 and I1,...,loephip. € N be such that the set of polynomials
{Fg(PT? + Pl;)'tex §=0,...,2ehgprp} is linearly independent over R.
Let vz, € Or, be a generator of L over Q, and assume that ord, v = 0.

e Wgpy and Wgp i will denote the set of all the primes of ELM and ELM

respectively above the primes of Wi .

No prime of Wi \ {p} will split in the extension KE/K.

No prime of Wi will divide any coefficient or the discriminant of Fg(T).
p will split completely in the extension K EL/K.

Let cp € N be such that for any t € N, ¢ > c¢p, we have Fg(t) > 0.
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3. SOME PROPERTIES OF ALGEBRAIC NUMBERS OF NORM 1

Algebraic numbers of norm 1 play an important role in the construction of Dio-
phantine definitions below. The following lemma explains why.

3.1. Lemma. Let x € Oyrpwys, T 7 1, be a solution to the following system
of equations:

(3.1) { Nyremro(r) =1,
' Nyre/pm(r) =1

Then x*xre ¢ ELK. Furthermore, such a solution exists.

Proof. This lemma is similar to lemmas which can be found in [27] or [26] and deal
with finite extensions. To prove the lemma in our case, we had to change a few
details.

First we observe that without loss of generality we can assume that M is Galois
over K. (If not, we can replace M by its Galois closure over K and look for solutions
in the bigger field, since x will have the same conjugates in the bigger field.) Next
note that no prime of Wiy \ {pas}, where pps is the M-prime above p, splits in
the extension M E/M. Indeed, suppose ta; € Wiy splits in the extension ME/M.
Since M E/M is cyclic of prime degree, tp; splits completely. Let tx € Wxk be
the K-prime below tp;. Then in M E the number of factors of tx is divisible by
p. On the other hand, by assumption, tx does not split in the extension KE/K
and [ME : KE] = [M : K] is prime to p, while the extension M E/KFE is Galois.
Hence, the number of factors of tx in M E cannot be divisible by p, and our claim
is true.

Further, we note that given our assumptions on p, by Lemma B2 p,; splits
completely in the extension M LE /M.

Suppose now that x € LEM is a solution to the system of norm equations. Then
the divisor of x must be composed of the primes lying above primes of EM and
LM splitting in the extensions LEM/EM and LEM /LM respectively. Given the
fact that both extensions are cyclic of distinct prime degrees, we can conclude that
LE M-primes occurring in the divisor of x lie above M-primes splitting completely
in the extension LEM /M. Thus, if € OpmrLe wy.e 1S & solution to the norm
system, its divisor consists of factors of p in M LFE only.

Further, since LEM/EM is a totally complex extension of degree 2 of a totally
real field, all the integral solutions to the second equation have to be roots of
unity. Since M FEL does not have any complex roots of unity, we can conclude
the following. Let x1,x2 be two solutions to the second norm equation above such
that x; and zo have the same divisor; then 1 = +x5. On the other hand, since
p does not split in the extension M/K and p splits completely in the extension
LKFE/K, factors of p do not split in the extension M LE/KLE. Thus, there exists
Y € OLk B Wy, » Such that y has the same divisor as 2"25 2. Therefore, y = vaLex,
where v is an integral unit of M LE, and Nypr/pam(y) = p is an integral unit of
EM. On the other hand, since ~y, is of the same degree over EK as over EM,
Nyer/em(y) = Ngpr/ex(y) and therefore p is an integral unit of EK. Let
g = p 9% Then Nypr/em(y) = Ngpr/px(y) = 1. The divisors of 3 and
2Bl gre the same, and therefore ?"%5L ¢ ELK.
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Next we note that we always have solutions to the norm system in Ox g wy, -
Indeed, let

G(LEK/K),G(LEK/LK),G(LEK/EK),G(LK/K),G(EK/K)

be the Galois groups of the extensions LEK/K, LEK/LK, LEK/EK, LK/K,
EK/K respectively. Given our assumptions on the fields L, E, K,

G(LEK/LK)~ G(EK/K) =~ G(E/Q),G(LEK/EK) = G(LK/K) ~ G(L/Q),
G(LEK/K) =~ G(LEK/EK) x G(LEK/LK).

Let o1, be a generator of G(LEK/EK) and let og be a generator of G(LEK/LK).
Then oo = ooy, will generate G(LEK/K). Since p splits completely in the
extension LEK/K, if 71,72 € G(LEK/K) are such that 71 (prex) = 2(PLEK),
where prpi is a factor of p in LEK, then m; = 7. Let y € LEK be such that
its divisor is p§ -, where a € N. (Such a y certainly exists if a 20 mod hrpx.)
Next consider

or(y)oe(y)  op(y)/oroely)  or(y)/opor(y)’
We claim that x is not a root of unity and satisfies the norm system above. First
of all, note that since y = u/o(u) = v/og(v), the EK-norm and the LK-norm of
y are equal to 1 and

_ yowoL(y) y/ory) y/oe(y)

Nrex/ex(y) = Nrepumem(y), Nrex/Lr(y) = Nrpym/ou ().
Secondly, note that the divisor of x is of the form

( PLEKOEOCL (PLEK) )a

or(WrEr)oE(PLEK)

But by the argument above, the primes prex,on(PrLeK), cE(PLEK),0EOL(PLEK)
are all distinct. Thus the divisor of x is not trivial, and z is not a root of unity. It
is not hard to see that z’s of this form will generate all the solutions to the norm
system above.

4. BOUNDS

In this section we introduce the second ingredient necessary for the construction
of Diophantine equations below.

4.1. Lemma. Denote [MLE : MLE] by q. Let y € Oprpway,.s \ {0} satisfy the
following conditions.

(1) y=%,u€OkLE,0 € OmLE.
(2) For every o-embedding of MLE into C, |o(y)| > 1.

Then
NMLE/MLE(5)?J =ao +awi + ...+ ag-1wg—1,

where {1,w1,...,wg—1} = Qpg/a1, G0, -, a1 € MLE, and, for alli=0,...,q—1,

INwizegla)] < CMF ANy g (u?)] < [Nirppg(Cut)),

where C' is a natural number not divisible by any prime of Wi, and C depends on
A and Wi only.
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Proof. First of all we observe that, for every o-embedding of M LE into C, |o(u)| >
|o(8)]. Therefore,
INymre/()] < [Nypp/g(u)l
Further, let y = by + biwi + ... + bg—1wq—1,b; € MLE, and consider the following
linear system:
bo +b1oj(wi) + ...+ bg—10;(wg—1) = 0;(y),

where j = 1,...,q and o, is an embedding of M LE into C leaving M LE fixed. By
Cramer’s rule we deduce that for i =0,...,q — 1,

S -

T det(oj(wi)’

where D; = >~ A, jo;(y) and A;; is the (4, 7)-th cofactor of the matrix (o;(w;)).
Since |oj(w;)] < A,q < A,1<|o;j(y)|, we deduce that for i =0,...,¢—1,

ClNMLE/MLE(y)2|
det? (o, (@)
where C' € N depends on A only, C' is not divisible by any prime in Wy and
det? (0j(w;)) € M. Next let 7 be an embedding of M LE into C which does not

necessarily fix MLE. By an argument similar to the one above, we then can
conclude that fori =0,...,q — 1,

|b;* <

)

7(bi)?

CNT(MLE)/T(MLE)(T(y))2 _ CT(NMLE/MLE(Z/)Q)‘
det? (7 (o (wi))) (det®(oj (i) |

Since a; = Ny g/n115(6)bi, we obtain the following:

|N]\7[LE/Q(G'12)| = |NMLE/Q(NMLE/MLE(62))NMLE/Q(b2)|

Cr( NMLE/MLE(y)2)
~ N T(07)| <IN )|
mrE/Q(0 H mLe/Q(u H 7(det?( (0j(ws)))

and

C[MLE:Q]NMLE/Q(:‘J)Q
NMLE/Q(det2 (0 (wi)))
< CTEECIN /0 (u')] < INGrzo(Cut)],

INare/o(u?)]

‘ < C[MLE:Q]|NMLE‘/Q(U'2)NMLE‘/Q(U2>|

where products are taken over all embeddings 7 of M LE into C, and we have used
the fact that

IN 115 (det? (0 (wi)))] = 1
and |NMLE/Q(5) > 1.
5. SOME USEFUL CONGRUENCES

The final input into our construction consists of a series of congruences.

5.1. Lemma. Let z,{,a € OpMELWayprs et 2, W € OKEL Wyg., assume that
ordix <0 for all t € Wyrgr, and let the following equalities hold:

(5.1) w =z,

(5.2) T —z=wa.
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Then 512 = u§~' wherew € Ok e, 6 € Omre, and all the primes in the divisor
of 6 are in WyLg.

Proof. Without loss of generality we can assume that w # 0. Let t be a prime
of MLE such that ordiz > 0. Then t € Wyrg, ordia > 0, ord¢§ > 0, and
ord¢z = ord¢z. Indeed, suppose that the last claim is not true. Then either
ord¢ z < ord¢ x and

ord; z < ord¢w < ordy wa = ord¢(x — z) = ord; z < ord, z,
or ordy z < ord¢ z and
ord¢z < ordy w < ordy wae = ord¢(z — x) = ordg & < ordy z.

In either case we obtain a contradiction. Thus for any t such that ord¢ x > 0 we have
ord¢z =0 mod e(t), where e(t) is the ramification degree of t over K LE. Further,
let g be a conjugate of t over KLE. Then by assumption on Wy, g we have that
q & Wyre. Thus ordg a > 0. Further, ordg w > 0, ordq wa > 0,0rdgq z > 0. Thus,
ordg x > 0. Therefore, by the argument above ordq = ordy z = ord¢ 2 = ord; .

5.2. Lemma. Lety € Opw,, be such that the following conditions are satisfied.

(1) For all t € Wy we have ord¢y <0, y = 5,u € Oxrp,0 € OpLE.

(2) For all o-embeddings of M into C, 1 < |o(y)|.

(3) For some t € Oxw, and p € Onrw,, we have y —t = CDy*Ap, where C
is the constant defined in Lemma[Z.1}

Then y € M.

Proof. By Lemma BTl Nypp/ipe(d)y = ao + aiwi + ... + ag—1wg—1, where
ag,...,aq—1 € MLE and
|NJ\7ILE/Q(ai)| < |NMLE/@(CU2A)|-
On the other hand,
NMLE/MLE((S)?J - NMLE/MLE((S)t = NMLE‘/I\?ILE(é)CDUJQAé—QA:U'
_ _ _ 24 _
Let z € OMLE be SuCh that z — NMLE/MLE((S)t = CD'U; w,w S OMLE7W]\71LE.
(Such a z exists by the strong approximation theorem.) Then
Nyre/mre0)y —z = CDu*v,

where v € OprE Wy Lp- However, since NMLE/MLE(é)y — 2 € Opre,CDUA €
Owmre and ord CDu?4 = 0 for all t € Wysrg, we conclude that v € Oy p. Thus,

ag —z+a1w; + ...+ ag-1wWg—1
CDu?4
Consequently, for i =1,...,qg— 1,

€ OumLE.

DM/M%
CDwA € Onre
and
a;
|NJ\7[LE/Q(m)| =1
or a; = 0. Clearly the first alternative is not true. Thus, ay,...,a,—1 are all zero

andy € MLENM = M.
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5.3. Lemma. Lett € M. Then for anyl € N and t € Wy,
ord F(Pt*® + Pl) <0.

Proof. First let t # p be any other prime of Wj,. Then powers of vg constitute
a local integral basis of EM over M with respect to t, and t does not split in the
extension EM /M. Thus, if y is integral at t, ord; Fg(y) = 0. On the other hand,
given our assumptions on Fg(T), ord¢y < 0 implies ord; Fg(y) < 0. Thus, for any
y € M, including y = Pt?® + Pl we have ord; Fg(y) < 0.

Next we consider the case of p. If ¢ is integral at p, then Fg(Pt%¢ + Pl) is
congruent to the free term of the polynomial mod p. Since p does not divide any
of the coefficients, in this case

Fp(Pt** + PI) 20 mod p.

Suppose now that ord, ¢ < 0. Then ord, Pt?¢ < 0 and, since P does not divide any
coefficients of Fg(T), ord, Fg(Pt* + Pl) < 0.

6. DIOPHANTINE DECIDABILITY AND DEFINABILITY OVER Ok, wi,

6.1. Proposition. The following sets are Diophantine over Ok, ; wy.

inf
(1) {.23 € OKin]HWK,v |aj 7& O}'

inf
(2) {z € OK.np Wi, o(z) > 0 for all embeddings o : K;ny — C}.

Proof. The first statement follows by a slight adjustment of arguments in [7] and
n [24]. Since by assumption Wi \ {p} will contain only the primes not splitting in
the extension FK/K, the complement of Wi contains at least two primes, p; and
p2. Let a; 20 mod p;,a; € Ok for i = 1,2, and (a1,a2) = 1. (Such a1,a2 € Ok
exist by the strong approximation theorem. See [14], page 71.) Let x € Ok, ; w;,,-
Then z # 0 if and only if the following equation has solutions in Ok, P W
zw = (ura1 — 1)(ugae — 1).

Indeed, suppose that x = 0; then either a; or as is invertible in OKinf,WKmf» This is
not true by the choice of p; or pa. Suppose now z # 0. Then let M = K(z), and we
can let mgb be the divisor of x in M, where 1,25, B are integral divisors, with 2A;
and the divisor of a; relatively prime. By the strong approximation theorem, there
exists u; € Oy such that u; &2 ai_1 mod 2(;. Thus, the divisor of (u1a1—1)(u2az—1)
is of the form 2A;2A>€, where € is an integral divisor. Hence, the divisor of w is of
the form BE, and consequently, w € On C Ok, ;Wi |

;e
The second claim of the lemma follows from an argument in [@].

6.2. Proposition. Let K, K;n¢ be as in Section [A Consider the following set of
equations and inequalities, with all the variables ranging over OKmf,WKmf :

(6.1) I Y aaishw)r =1
¢ k=0,1,s=0,...,p—1

(62) H Z ak,sT(’yL)k’yE‘ = ]-7

7 k=0,1,s=0,...,p—1
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(6.3) > asvive # £
k=0,1,s=0,. —1
(6.4) 11 7L¢(7E) =1,i=0,...,2hkLEep,
¢ k=0,1,s=0,...,p—1
(6.5) II by ()F g = 1,0 = 0,..., 2hi L wep,
T k=0,1,s=0,...,p—1

(67) H %1) 7L¢(7E) = 17Z = Oa---athLEepa
¢ k=0,1,5=0,...,p—1
(6.8) H dg)sT(’YL)k’YJS; =1,1=0,...,2hgrpep
T k=0,1,s=0,...,p—1
(6.9) > A AEyg # £1,i=0,....2hkrpep,
k=0,1,s=0,...,p—1

where T ranges over all the embeddings of L into C, and ¢ ranges over all the
embeddings of E into C,

2hkLE
(6.10) > ar, VLR = > A, VL E :
k=0,1,s=0,...,p—1 k=0,1,s=0,...,p—1
(6.11)
2hkLE
Z b;(f)s'YLWE = Z b;(;)ﬂL’YE 1 =0,...,2hkLEEp,
k=0,1,s=0,...,p—1 k=0,1,s=0,...,p—1
2hkLE
(6.12) Z dl(fﬂL'YE Z Cz(zS’YL'YE )
k=0,1,s=0,...,p—1 k=0,1,s=0,...,p—1
1= 0, ey 2hKLE6p7
(6.13) S ok -1
k=0,1,s=0,...,p—1
= Z ak,s’Yf’Y% -1 Z C;(;)S’YL'YE )

k=0,1,s=0,...,p—1 k=0,1,s=0,...,p—1

= O ZhKLEep,
(6.14) > d;(f)smE 1

k=0,1,s=0,...,p—1
= Z ak,s’Y/]'f’YJSE -1 Z f;gz)m%: )
k=0,1,s=0,...,p—1 k=0,1,s=0,...,p—1

1= 0, .. ~72hKLEep;
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(%) ks
(6.15) @ — > s VLVE
k=0,1,s=0,...,p—1
_ k_s -1 (i) k_s
= Uk, sVLVE Wy sVLVE | »
k=0,1,s=0,...,p—1 k=0,1,s=0,...,p—1

1=0,...,2hgrEED,
(6.16) ago — 1 = x3d0,0,ak,s = Tidks, 5 =0,...,p— 1,k =0,1,(s,k) # (0,0),
(6.17) z; = Fp(Py + Ply),yi = 2" i = 0,...,2hgpep
(6.18) lo(y:)| > 1,i=0,...,2hgLEep,

where o is any embedding of Kiny into C,

(6.19) Yi — > FOAk s = 90D > R 2%
k=0,1,s=0,...,p—1 k=0,1,s=0,...,p—1

If all of these equations are satisfied in OKinfaWKinf7 then y € Ok ,wy. Con-
versely, if y — cp € N, then these equations can be satisfied with all the other
variables taking values in Ok yw, .

Proof. Suppose all the equations are satisfied over Ok P Wi, Let M C K ¢ be
the smallest overfield of K containing the values of the variables ay, s, ars, B,(i)S, b,(;;)s,
d d? D w? for k= 0,1,i=0,...,2ehkpLp,s = 0....,p— 1. It M =
K(y) # K, then let M be a subfield of M satisfying the conditions in Section
Since ([M : Q],p) = 1, and L is a totally complex extension of Q, the following
equalities hold:

[KE:K|=[ME:M]=[MEL: ML] = p,
[LK : K] = [ML: M) =[MEL : EM] = 2.

Thus, the conjugates of vg over Q and over ML are the same, and the conjugates
of vz, over Q and M FE are the same. Next let

(6.20) V= > ansis
k=0,1,s=0,...,p—1
k=0,1,5=0,... p—1
(6.22) € = Z JS)S'YEWE =1,i=0,...,2hkLEep.
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Then 7, A;, &; € OMLE»WMLE for i =0,...,2hgrpep, and we can rewrite (6.I)—
(63) as the following equations:
Nyrpron(@) =1,
Nyrgr/pa(?) =1,
v+,

Nyrpr/ o) =1,i=0,...,2hgrpep,
NﬁHﬂMEM(XJ::1,i:(x.“,2hKLEQ%
Ni #+1,i=0,...,2hgrEep,
NMEL/LM(Ei) =1,i=0,...,2hgrEep,
Nyrpr/ex(E) =1,i=0,...,2hkrrep,
g #+x1,1=0,...,2hgLEEp.

Next let
v= S s
k=0,1,s=0,...,p—1
Ai = > b A,
k=0,1,5=0,...,p—1
€ = Z Cl;(C )SWL’YE

k=0,1,s=0,...,p—1

Then, by GI0) — @12), v = p2hxee N, = N2KELE o = Z2hKLE for j =0, ...,
2hkgep. By Lemma B1]
(6.23) v, \i,e; € KEL,i=0,...,2hgEep.
Since {v5vF,5=0,...,p— 1,k =0,1} is a basis of KEL over K, we can conclude
that

{a’k,sa b](;)sv d](;)sv = 07 Y S 17 k= 0; 172 = 07 RN 2hKLE'ep}
cKn OM,WM = OK,WK-

From (6.13) and (6.14) it follows that
Ai—1

Z Cl(j)s’YL’YE St =0 2hk LEep,
k=0,1,s=0,...,p—1

and

g —1 .
Z fks'yL ;_1,220,...,2hKLEep.
k=0,1,s=0,...,p—1
Using (6:23) again, we deduce that {cg)g, ,gz)g,s =0,....p— 1,k =0,1,i =
.»2hkrrep} C Ok wy . From (EI5) we conclude that

Ti — Z Cl(;)s’YL'YE =(v-1) Z wl(cz)s'YL'YE ;
k=0,1,s=0,...,p—1 k=0,1,s=0,...,p—1

1= 07 e '72hKLEep7
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while by (618), z2|(v — 1) in OprLe.wayy - Further, by Lemmal53) for all t € W)y,
ord Fg(Py*® 4+ Pl;) = ord¢z; < 0.

Therefore by Lemma B.1], y; = x?LKE = uiéi_l, where u; € OgrE, 6; € Oppe and
all the primes in the divisor of §; are in Wy, g. From (619) we conclude that
yi — f50 = CDyugy,

Thus, by Lemma E2] y; € M,i = 0,...,2ehrxrp. By Lemma 5.1 of [25] and
the assumptions on lo, ..., l2ephy 5, We can now deduce that y € Oy yy . Since
M = K(y) and M/M is a non-trivial extension unless M = K, we conclude that
ye K.

Conversely, suppose y — cp € N. Then for all ¢ = 0,...,2ephggr we have
x; = Fp(Py*® + Pl,),y; = x:-””“ € N. Further, neither x; nor y; is divisible by
any prime from Wg. Let £ € Oxgr,wyys, be a non-root of unity solution to the
system ([B.I). We know that such a solution exists by Lemma [3.] Further, from
Lemma [3.1] we know that the divisor of ¢ consists of factors of p only. By Lemma
2.6 in [25], we know that, for some r € N,

& — 1€ Or,wy [x;””“EACD'yL, xfhKLEACD'yE].

So let 7 = ¢ and v = ¢2'xLe. Assign Ok wy -values to ag s, Gk.s, dks S0 that

(620), (610), and (616) are satisfied. Then (E1), (62) and (B3) will also be

satisfied.
Next set \;

= p%i. Note that
Ai—1

~gx; mod (v—1)in Z[v] C Ok, wik [vE, VL)

Assign the Ok w, values to l_),(:)s,bg)s,cfj)s so that (E21)), (€11) and (613) are

satisfied. These assignments will imply that (G4), (65) and (G.6) will also be

satisfied. One can also find the Ok w, values for w,(f)s so that ([6-I5) is satisfied.
Finally, set &; = v¥. Assign the Ok w,-values to a_lg)s, d,(;,)s, ,izl so that (622)),

(612), and ([GI4) are satisfied. Then ([@.1), (63), and (E3) are also satisfied. Note

further that

E; — 1 .
) =y, mod (v —1)in Z[v] C O wy[VE, VK],
and
v—120 mod y?CD.
Thus,
g — 1 ~ :
S S Vi mod y?*CD in Ok wy [vg, Yk |-

Therefore, for some values in Og w, for u,(j)s, (619) is satisfied.

6.3. Corollary. Ok w, has a Diophantine definition over OKM%WKmf.

Proof. Consider (EI)—(6I9). Observe that by Lemma [61], all these equations
and inequalities can be rewritten as polynomial equations and inequalities over
OK,,; Wi, Now, it is not hard to see that, using a basis of K over Q, one can use
these equations and inequalities to construct a Diophantine definition of Og w,
over Ok, Wy, .-

inf

Finally, the existence of ly, . . ., laeph 1. » follows from Lemma BTl of the Appendix.
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To complete the proof of Theorem[L.9] we need to show that all the assumptions
in Section [ follow from the assumptions of Theorem [[L9 This is done in the
propositions below.

6.4. Lemma. Let G be any totally real field, algebraic over Q. Let K C Q be a
number field such that there exists a natural number A with the following property.
For every number field M with G > M D K there exists a non-trivial subfield M
satisfying the following conditions.

(1) [M: M] < A.

(2) For some basis Qp/5p of M over M with {1} C Qi C Owm, for all

w € Qa7 and every o — embedding of M into C we have |o(w)| < A.

Then there exists a natural number Dg such that for any choice of M, for some

M, Dg¢ is greater than any conjugate of the discriminant Dy yy of Qpg/yp over Q.

Proof. Note that for any embedding o of M into C,

lo(Diyan)| = H (o(w;) — o(w;))?| < (24)AA=D,
1<i<j<[M:M]

Thus the constant D described in Section 2] exists.

Next we address the issue of the existence of L.

6.5. Lemma. Let G be any totally real field, algebraic and normal over Q, such
that there exists a rational prime P having only finitely many factors in G. Let
T > 2 be a rational prime. Let Br be a set of primes equivalent to 1 modulo T.
Then for all but finitely many primes q in By we have [GNQ(&,) : Q] < %, where
&q 18 a q-th primitive root of unity.

Proof. Assume the opposite. Then for infinitely many ¢ = 1 mod T we have
[GNQ&) :Q = q%l. Therefore, G contains infinitely many linearly disjoint over
Q finite cyclic subextensions of degree T'. Hence G contains subfields whose Galois
group over Q is congruent to (Z/T)", where r is arbitrarily large. But in a number
field with such a Galois group every prime has at least T7"~! factors. Thus the

number of factors for any rational prime is not bounded in G.

6.6. Corollary. Let G be as above. Then there exists a totally complex field L of
degree 2 over Q such that LG contains no complex roots of unity, L is generated
by v € Or over Q with ordp, v, = 0 for all factors P; of P in LG, and P splits
completely in L/Q.

Proof. Let g be a rational prime such that GNQ(&,) is of degree less than %1 over
Q, ¢ is not ramified in the extension K, r/Q, and —¢ # £P is a square modulo P.
(Such a q exists by Lemmal65 Indeed, let T' be any prime greater than P. Let Bp
contain all the primes equivalent to 1 modulo T" and congruent to minus a square
modulo P. Since any arithmetic progression contains infinitely many primes, Br
will be an infinite set.) Then let L = Q(y/—¢). Note that P will split in the
extension L/Q. Further, suppose GL contains &, for some prime number ¢t > 2.
Then G(&) C GL. But since & is of degree at least 2 over G, G(&) = LG. Thus in
the extension GL/G, only some factor of ¢ can be ramified. But ¢ is ramified in the
extension LG/G. Therefore t = gq. Further we note that G is the largest subfield of
LG = G(&,) fixed under complex conjugation. Therefore, Q(cos(27/q)) C G. But
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the last inclusion implies that G N Q(¢,) is of degree greater than or equal to q%l
over Q. Hence, & ¢ GL for any prime ¢t > 2.

The last corollary completes the proof Theorem [[LO] Next we complete the proof
of Corollary [L.I0O

6.7. Lemma. Let G be an algebraic extension of Q. Assume further that every
rational prime has a finite number of factors in G. Then for every rational prime p
there exist a number field U and a U-prime Py such that Py has only one factor in
G and P, the rational prime below Py, splits completely in the extension E/Q for
some totally real cyclic number field E of degree p over Q. Further, E is generated
over Q by yg € Op such that P does not divide the discriminant or the coefficients
of the monic irreducible polynomial of vg over Q.

Proof. Let p be fixed. Let P be a rational prime splitting completely in the exten-
sion E/Q, where E is a totally real cyclic extension of degree p. Assume further
that E is generated by vg with properties described in the statement of the lemma.
(Since there are infinitely many rational primes P splitting in the extension E/Q,
we can always find a P not dividing the coefficients or the discriminant of a monic
irreducible polynomial of a generator of E over Q.) Since P has only finitely many
factors in (G, there exists a number field U C G where the number of factors of P
is the same as the number of factors of P in GG. Let Py be one of the factors of P
in U. Then Py and U satisfy the requirements of the lemma.

Note that if G does not contain a number field whose degree over Q is divisible
by p, then by Lemma [R2] the factor of Py in any overfield M of U in G will split
completely in the extension M E/M.

To complete the proof of Corollary [LT0] we observe the following. Let € > 0 be
given. Then we can choose p > 2¢~! such that for any number field M C K;,, 5 we
have [M : Q] 22 0 mod p. Further, we can choose a number field U C Ky, ¢ to be of
degree greater than 2e~! over Q, to contain a prime Py with only one K, r-factor,
and splitting completely in the extension FEU/U, where E is a totally real cyclic
extension of degree p over Q. Let Wy be any set of primes containing Py and such
that all the primes in Wy \ Py do not split in the extension EU/U and are not
zeros of the discriminant or coefficients of Fg(T). Then by Theorem [L9, Oy w,,
has a Diophantine definition in its integral closure in Kj,s. Using Theorem 2.4 of
[28] and an argument similar to the one used to prove Theorem 2.7 and Corollary
2.8 of [28], one can show that we can select Wy as above to be of Dirichlet density
greater than 1—[U : Q] ' —1/p > 1—& and such that Z has a Diophantine definition
over Oy,wy, . Thus, the integral closure of Oy w,, in K;,s will have a Diophantine
definition of Z, and the density condition on Wy will be satisfied.

7. EXAMPLES OF Kj,: TOTALLY REAL SUBFIELDS OF CYCLOTOMICS

Let C = {q1,...,¢-} be a finite set of distinct rational prime numbers greater
than 2. Let G be the largest totally real subfield of the cyclotomic extension
generated by qf—th roots of unity as j — co,7 =1,...,7. We claim that G satisfies
the condition of Corollary [LT0

First of all we note that by Lemma 5.3 of [27], every rational prime will have
only finitely many factors in Kj,f. Secondly, the only rational primes ramified in
Kins are qi,...,q-. Thirdly, G is a normal extension of Q and for every pair of
number fields K, M with K C M C G and K containing Q(cos(27/¢;)),i =1,...,r,
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the extension M/K is cyclic of degree [ ¢;*, a; € N, and will have a subextension
M D K of prime degree less than or equal to max;{q;}. Further, M will be
generated over M by a basis of the form {1,cos(21/¢"),...,cos(2m/q}")M:MI=1},
Finally, for any number field M C G, [M : Q] can be divisible by g¢1,..., ¢ and
primes dividing ¢; — 1,...,¢, — 1 only.

8. APPENDIX

8.1. Lemma. Let K be a real number field. Let F(T) € KI[T]| be a polynomial
of degree n > 0. Then there exist lg = 0,...,l, € N such that the polynomials
F(T+1;),i=0,...,1l,, are linearly independent over R.

Proof. Let F(T) =a9o+a1T +...a,T". Then for I € N,
FT+l)=a+a(T+)+...+a(T+1)"

i

—a+u(T+D)+...+a Z(;)Mi—j +. o tan Z(?)Tﬂ'l”—j

Jj=0 Jj=0

= ajlj—f—...—i— Z(‘é)ajlj_k Tk—l-...—l-anTn
=0 j=k

(8.1) =P,()+Pa(DT+ ... Po(1)T™,
where P;(1) € K|[l] is a polynomial of degree i in I. Let Fi,(T+1) = Z?:o P;(1)T™ .
Suppose now that we found ly, ..., I, k < n, such that

Fo (D), Fr(T+1l),..., Fe(T+ 1)

are linearly independent over R but, for any [ € N,

k
Fk+1(T+l)=ZAiFk+1(T+li), Az(l):AzeR
i=0
Thus, we have a linear system

k
(8.2) Pi(l) =) AiPi(li),j =0,...,k+1.
=0

We can solve the first k£ + 1 equations simultaneously for A; using Cramer’s rule.
Thus,

e biBi)

! det(Pj(lz)) ’
where det(P;(l;)),j =0,...,k,i=0,...,k, is not zero by the induction hypothesis,
and b; € R. Therefore, for each i = 0,...,k, A; = A;() is a fixed polynomial in {
of degree at most k. Next consider equation number k + 2 of system (B2):

k
Pepa(l) = Ai(l) Pega (i)
1=0

Note that on the left we have a polynomial in [ of degree k£ + 1 and on the right
a polynomial of degree at most k. Thus, the equality will not hold for sufficiently
large [.
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8.2. Lemma. Let M/K, F/K be number field extensions. Let p be a prime splitting
completely in the extension F/K. Assume further that F/K is generated by vp €
Ok such that p is not a zero of the discriminant of yp. Suppose that [FM : M| =
[F: K]. Then any factor of p will split completely in the extension FM /M.

Proof. Let Hp(T) be the monic irreducible polynomial of vz over K. Since
[FM: M]=[F: K],

Hp(T) is also the monic irreducible polynomial of v over M. By assumption, the
power basis of yp is an integral basis with respect to p. Thus p splitting completely
in the extension F/K is equivalent to Hp(T) factoring completely modulo p. If pys
is a factor of p in M, then the power basis of vy is an integral basis with respect to
py for the extension M F/M. Since the residue field of pys is an extension of the
residue field of p, Hp(T) will factor completely modulo pps. Thus, pys will split
completely in the extension M F/M.
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